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OBJECT-UNITAL GROUPOID GRADED RINGS, CROSSED
PRODUCTS AND SEPARABILITY
JUAN CALA, PATRIK NYSTEDT, AND HECTOR PINEDO
Abstract. We extend the classical construction by Noether of crossed
product algebras, defined by finite Galois field extensions, to cover the
case of separable (bot not necessarily finite or normal) field extensions.
This leads us naturally to consider non-unital groupoid graded rings of a
particular type that we call object unital. We determine when such rings
are strongly graded, crossed products, skew groupoid rings and twisted
groupoid rings. We also obtain necessary and sufficient criteria for when
object unital groupoid graded rings are separable over their principal
component, thereby generalizing previous results from the unital case
to a non-unital situation.
1. Introduction
Recall that if L/K is a finite Galois field extension with Galois group G,
G ∋ σ 7→ ασ ∈ AutK(L)
denotes the corresponding group homomorphism and
G×G ∋ (σ, τ) 7→ βσ,τ ∈ L \ {0}
is a cocycle, that is for all σ, τ, ρ ∈ G the relations
(1) βσ,e = βe,σ = 1,
where e denotes the multiplicative identity of G, and
(2) βσ,τβστ,ρ = ασ(βτ,ρ)βσ,τρ
hold, then we can define the so called crossed product algebra (L/K, β) in
the following way. As a left L-vector space this structure is defined to be
⊕σ∈GLuσ where {uσ}σ∈G is a set of symbols. The multiplication in (L/K, β)
is defined by the K-linear extension of the relations
(3) (xuσ)(yuτ ) = xασ(y)βσ,τuστ ,
for x, y ∈ L and σ, τ ∈ G. It is well known that (L/K, β) is a central simple
K-algebra (see e.g. [20, Theorem (29.6)]).
The crossed product algebras can be put in the more general context of
graded rings in the following sense. If we put R = (L/K, β) and Rσ = Luσ,
for σ ∈ G, then R = ⊕σ∈GRσ and RσRσ ⊆ Rστ which means that R is ring
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graded by G (or G-graded). In fact, since the βσ,τ are non-zero, we always
have equality RσRτ = Rστ , for σ, τ ∈ G, so that R is a so called strongly
graded ring.
The impetus for the theoretical framework in this article is the following
Question. Is it possible to define a crossed product-like structure, starting
from a separable, but not necessarily finite or Galois, field extension L/K?
In [9] the second author of the present article suggested an answer to
this question in the case when L/K is a finite separable field extension. In
doing so he was naturally lead to structures which no longer, in any natural
sense, fitted into the framework of group graded rings, bur instead suited
well in the context of rings graded by groupoids. Let us briefly describe these
structures.
A groupoid G is a small category with the property that all morphisms
are isomorphisms. Equivalently, this can be defined by saying that G is a
set equipped with a unary operation G ∋ σ 7→ σ−1 ∈ G (inversion) and a
partially defined multiplication G ×G ∋ (σ, τ) 7→ στ ∈ G (composition) such
that for all σ, τ, ρ ∈ G the following four axioms hold: (i) (σ−1)−1 = σ; (ii) if
στ and τρ are defined, then (στ)ρ and σ(τρ) are defined and (στ)ρ = σ(τρ);
(iii) the domain d(σ) := σ−1σ is always defined and if στ is defined, then
d(σ)τ = τ ; (iv) the range r(τ) := ττ−1 is always defined and if στ is defined,
then σr(τ) = σ. The maps d and r have common image denoted by G0, which
is called the unit space of G. The set G2 = {(σ, τ) ∈ G×G | στ is defined} is
called the set of composable pairs of G and, analogously, G3 denotes the set of
composable triples of G, that is {(σ, τ, ρ) ∈ G×G×G | (σ, τ) ∈ G2 and (τ, ρ) ∈
G2}. For more details about groupoids, the interested reader may consult
e. g. [6] or [21].
Suppose that R is an associative but not necessarily unital ring. If R is
unital, then we let 1R denote the multiplicative identity of R. Let G be a
groupoid. Recall from [8] (see also [7]) that the ring R is said to be graded
by G, or G-graded, if there for all σ ∈ G is an additive subgroup Rσ of R such
that R = ⊕σ∈GRσ and for all σ, τ ∈ G the inclusion RσRτ ⊆ Rστ holds, if
(σ, τ) ∈ G2, and RσRτ = {0}, otherwise. There are relevant classes of rings
that can be graded by groupoids, such as matrix rings, crossed product
algebras defined by separable extensions and partial skew groupoid rings
that are not, in a natural way, graded by groups (see e.g. [8, 10, 19]).
Let L/K be a finite separable (not necessarily normal) field extension.
The corresponding crossed product construction from [9] runs as follows.
Let N be a normal closure of L/K and let G denote the Galois group of
N/K. Let L = L1, L2 . . . , Ln denote the different conjugate fields of L
under the action of G. If 1 ≤ i, j ≤ n, then let Gij denote the set of field
isomorphisms from Lj to Li. If σ ∈ Gij , then we indicate this by writing
d(σ) = j and r(σ) = i. If we let G denote the union of the Gij , 1 ≤ i, j ≤ n,
then G is a groupoid. The crossed product algebra (L/K, β) is defined as
the additive group ⊕σ∈GLr(σ)uσ with multiplication defined by the K-linear
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extension of (3), if (σ, τ) ∈ G2, and xuσyuτ = 0, otherwise, for all σ, τ ∈ G
and all x ∈ Ld(σ), y ∈ Lr(τ), where β is a cocycle on the groupoid G. The
latter means that (see e.g. [21] for the details) βσ,τ is defined precisely
when (σ, τ) ∈ G2 and that it then satisfies βσ,τ ∈ Lr(σ) \ {0} and (2) for all
(σ, τ, ρ) ∈ G3. We also assume that β satisfies (1) whenever σ or τ is an
identity map on some of the conjugate fields of L. If we put R = (L/K, β)
and Rσ = Luσ, for σ ∈ G, then, clearly, R is graded by the groupoid
G. In fact, it is even strongly graded in the sense that RσRτ = Rστ , for
(σ, τ) ∈ G2. Furthermore, R is unital with 1R =
∑n
i=1 1LiiuidLi . Note that
if L/K is Galois, then G = G and thus (L/K, β) coincides with the classical
crossed product algebra construction above.
Turning back to our question, suppose now that L/K is a separable field
extension of infinite degree. It is not hard to imagine that if we mimic the
construction from the finite case, then we would still get a groupoid graded
ring R = (L/K, β) which, however, now looses the property of being unital
(see Example 17 for the details). Nevertheless, R always retains a weaker
form of unitality as a graded ring, in the following sense (introduced in [12]).
If R is a ring graded by a groupoid G, then R is said to be object unital if
for all e ∈ G0 the ring Re is unital and for all σ ∈ G and all r ∈ Rσ the
equalities 1Rr(σ)r = r1Rd(σ) = r hold. This is the class of objects that we
wish to study. Note that in [12] the concept object unital is called “locally
unital”. However, since the latter may be confused with a different concept
in ring theory (see Section 2) we have chosen to rename it here. Here is a
detailed outline of the article.
In Section 2, we state our conventions concerning rings and we generalize
some results for unital group (and groupoid) graded rings to a non-unital
situation (see Proposition 4, Proposition 5 and Proposition 7).
In Section 3, we introduce object crossed products (see Definition 12). We
show that these structures can be parametrized by object crossed systems
(see Definition 13 and Proposition 16). We specialize this construction to
the case of separable (but not necessarily finite or normal) field extensions
and prove that the resulting ring is simple (see Proposition 17). After that,
we obtain criteria for when object crossed products are object skew groupoid
rings and object twisted groupoid rings (see Proposition 20 and Proposition
23), thereby generalizing results for group (and groupoid) graded unital rings
to a non-unital situation.
In Section 4, we obtain a result (see Proposition 26) on the separability of
extensions of rings with enough idempotents which, in turn, is used (through
a series of propositions) to obtain the following non-unital separability result
for object unital groupoid graded rings in connection to properties of the
groups G(e) = {σ ∈ G | d(σ) = r(σ) = e} and local traces tre defined for
e ∈ G0 (see Definition 36).
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Theorem 1. If G is a groupoid and R is a ring which is object unital strongly
G-graded, then the ring extension R/R0 is separable, if and only if, for all
e ∈ G0, the group G(e) is finite and 1Re ∈ tre(Z(Re)).
Here we let Z(Re) denote the center of Re, that is the set of all elements
of Re that commute all other elements of Re, and we put R0 = ⊕e∈G0Re. In
the same section, we specialize Theorem 1 to object crossed products in the
following result.
Theorem 2. If G is a groupoid and R = A⋊αβ G is an object crossed product,
then the ring extension R/R0 is separable, if and only if, for all e ∈ G0, the
group G(e) is finite and there exists a ∈ Ae such that
∑
σ∈G(e) ασ(a) = 1Ae .
This is, in turn, specialized to obtain separability results for object skew
group rings, object twisted group rings and groupoid rings, in particular
infinite matrix rings (see Proposition 41, Proposition 42 and Proposition
43). The paper ends with the following separability result for object crossed
products (see Example 17 and Proposition 44).
Theorem 3. Suppose that L/K is a separable (not necessarily finite) field
extension. Then the object crossed product R = (L/K, β) is separable over
R0, if and only if, AutK(L) is finite. In particular, if L/K is Galois, then
R is separable over R0 = L, if and only if, L/K is finite.
To the knowledge of the authors of the present article, there are very few
structural results concerning separability of non-unital ring extensions in the
literature. In fact, the only article addressing this that we have found is [3].
However, whereas the results in [3] discuss theoretical connections between
separablility of A-rings and A-corings (see Theorem 2.6 in loc. cit.), our
results can easily be used to construct large families of concrete examples of
non-unital separable ring extensions.
2. Preliminaries
In this section, we state our conventions concerning rings. Thereafter, we
show some generalizations of classical results for unital group (and groupoid)
graded rings to a non-unital situation (see Proposition 4, Proposition 5
and Proposition 7). Note that parts of these results have previously been
obtained in [12, Proposition 3.1]. We have, nonetheless, for the convenience
of the reader, chosen to include them with complete (but slightly different)
proofs.
Rings. Throughout this section, R denotes an associative but not necessar-
ily unital ring. If X,Y ⊆ R, then we let XY denote the set of finite sums of
elements of the form xy for x ∈ X and y ∈ Y . The ringR is called idempotent
if RR = R. Following Fuller in [4] we say that R has enough idempotents if
there exists a set {ei}i∈I of orthogonal idempotents in R (called a complete
set of idempotents for R) such that R =
⊕
i∈I Rei =
⊕
i∈I eiR. Following
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A´nh and Ma´rki in [1] we say that R is locally unital if for all n ∈ N and all
r1, . . . , rn ∈ R there is an idempotent e ∈ R such that for all i ∈ {1, . . . , n}
the equalities eri = rie = ri hold. The ring R is called s-unital if for all
r ∈ R the relation r ∈ Rr ∩ rR holds. The following chain of implications
hold (see e.g. [17]) for all rings
(4)
unital ⇒ enough idempotents
⇒ locally unital
⇒ s-unital
⇒ idempotent.
We let RING (URING) denote the category having (unital) rings as objects
and ring homomorphisms (that respect multiplicative identities) as mor-
phisms. If R is a unital ring, then we let U(R) denote the multiplicative
group of invertible elements of R.
Graded rings. For the rest of this section, G denotes a groupoid and R is
a ring graded by G. We let G-RING (G-URING) denote the category having
(unital) G-graded rings as objects and graded ring homomorphisms (that
respect multiplicative identities) as morphisms. The set H(R) =
⋃
σ∈G Rσ
is called the set of homogeneous elements of R. If r ∈ Rσ \ {0}, then we
say that r is of degree σ and write deg(r) = σ. Any r ∈ R has a unique
decomposition r =
∑
σ∈G rσ, where rσ ∈ Rσ, for σ ∈ G, and all but a finite
number of the rσ are zero. Recall from the introduction, that we say that
R is object unital if for all e ∈ G0 the ring Re is unital and for all σ ∈ G
and all r ∈ Rσ the equalities 1Rr(σ)r = r1Rd(σ) = r hold. Note that if R
is object unital, then R has enough idempotents given by 1Re , for e ∈ G0.
In that case, from (4), it follows that R is also locally unital, s-unital and
idempotent. We let O-G-RING denote the category having object unital
G-graded rings as objects and as morphisms graded ring homomorphisms
f : R→ S satisfying f(1Re) = 1Se for e ∈ G0. Note also that if G is a group,
then
O-G-RING = G-URING
and if G is the trivial group, then
URING = O-G-RING = G-URING.
To state the first result, we need some notions concerning groupoids. Recall
that a non-empty subset H of G is called a subgroupoid of G if (i) h ∈ H ⇒
h−1 ∈ H, and (ii) h1, h2 ∈ H ∩ G2 ⇒ h1h2 ∈ H. In that case, H is called a
wide subgroupoid of G if H0 = G0.
The following result generalizes [8, Proposition 2.1.1] from the unital case
to the object unital situation.
Proposition 4. If R is object unital and we put
G′ = {σ ∈ G | 1Rr(σ) 6= 0 and 1Rd(σ) 6= 0},
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then G′ is a subgroupoid of G and R = ⊕σ∈G′Rσ. The subgroupoid G′ is wide
if and only if for all e ∈ G0 the element 1e is non-zero.
Proof. The first statement follows immediately from the fact that if (σ, τ) ∈
G2, then d(σ−1) = r(σ), r(σ−1) = d(σ), r(στ) = r(σ) and d(στ) = d(τ).
The equality R = ⊕σ∈G′Rσ follows from the following chain of equalities
R = ⊕σ∈GRσ
= (⊕σ∈G′Rσ)⊕ (⊕σ∈G\G′Rσ)
= (⊕σ∈G′Rσ)⊕ (⊕σ∈G\G′1Rr(σ)Rσ1Rd(σ))
= ⊕σ∈G′Rσ.
The last part follows immediately. 
In light of Proposition 4, we will from now on make the following
Assumption. If R is object unital, then for all e ∈ G0, 1Re 6= 0.
To state the next two results, we need some more notions. If X is a
subset of G, then we put RX = ⊕x∈XRx. Suppose that H is a subgroupoid
of G. Then RH is a subring of R. Indeed, if R is an object in G-RING
(G-URING or O-G-RING), then RH is an object in H-RING (H-URING or
O-H-RING). Suppose that E is a subset of G0. We put
G(E) = {σ ∈ G | d(σ) ∈ E and r(σ) ∈ E}.
It is easy to see that G(E) is a subgroupoid of G which we call the principal
groupoid associated to E. If e ∈ E, then G({e}) is a group which we call the
principal group associated e and we denote this group by G(e).
The next result generalizes [14, Proposition 1.1.1] (and [8, Proposition
2.1.1]) from the unital group (and groupoid) graded case to a non-unital
situation.
Proposition 5. The following are equivalent:
(i) the ring R is object unital;
(ii) for all finite subsets E of G0 the ring RG(E) is unital.
In that case, if E is a finite subset of G0, then 1RG(E) =
∑
e∈E 1Re .
Proof. First we show (i)⇒(ii). Take a finite subset E of G0 and a homo-
geneous r ∈ Rσ for some σ ∈ G(E). Put s =
∑
e∈E 1Re . From ob-
ject unitality of R it follows that sr =
∑
e∈E 1Rer = 1Rr(σ)r = r and
rs =
∑
e∈E r1Re = r1Rd(σ) = r. Therefore RG(E) is unital and 1RG(E) = s.
Now we show (ii)⇒(i). Take e ∈ E. From (ii) we get that RG(e) is unital.
Since G(e) is a group it follows from [14, Prop. 1.1.1.1] that Re is unital
and 1RG(e) = 1Re . Take σ ∈ G and r ∈ Rσ. If d(σ) = r(σ) =: e, then
σ ∈ G(e) so that 1Rr(σ)r = 1Rer = r = 1Re = 1Rd(σ) . Now suppose that
d(σ) 6= r(σ). Put e = d(σ), f = r(σ) and E = {e, f}. From (ii) we get
that RG(E) is unital. Suppose that 1RG(E) =
∑
ρ∈G(E) xρ for some xρ ∈ Rρ
and xρ = 0 for all but finitely many ρ ∈ G(E). Take ǫ ∈ G(E). Then xǫ =
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1RG(E)xǫ =
∑
ρ∈G(E) xρxǫ from which it follows that xρxǫ = 0 if ρ ∈ G(E)
and ǫ ∈ G(E) \E. Thus if ǫ ∈ G(E) \E, then xρ1RG(E) =
∑
ǫ∈G(E) xρxǫ = 0.
Hence 1RG(E) = xe + xf . But 1Re = 1Re1RG(E) = 1Rexe + 1Rexf = xe and
analogously 1Rf = xf so we get that 1RG(E) = 1Re + 1Rf . Thus, finally, we
get that 1Rf r = 1Rf r + 1Rer = 1RG(E)r = r and analogously that r1Re = r.
This proves that R is object unital.
The last part follows from the proof of (i)⇒(ii). 
Remark 6. Notice that for every subgroupoid H of G the ring RH is G-
graded by setting Rg = 0 if g /∈ H. Then, it follows by (ii) of Proposition
5 that an object unital graded ring is a direct-limit of unital graded rings.
Indeed consider the family {RG(e)}e∈G0 and let F be the family of finite
partial sums RG(e1) ⊕ · · · ⊕ RG(en), where ei 6= ej for i 6= j, then every
element of F is a unital G-graded ring and lim−→RG(ei) =
⊕
e∈G0
RG(e) = R.
The following result generalizes [14, Lemma I.3.2] (and [10, Lemma 3.2])
from the unital group (and groupoid) graded case to a non-unital situation.
Proposition 7. If R is object unital, then the following are equivalent:
(i) R is strongly graded;
(ii) for all finite subsets E of G0 the ring RG(E) is strongly G(E)-graded;
(iii) for all σ ∈ G the equality Rr(σ) = RσRσ−1 holds;
(iv) for all σ ∈ G the relation 1Rr(σ) ∈ RσRσ−1 holds.
Proof. The implications (i)⇒(ii)⇒(iii)⇒(iv) are clear. Now we show (iv)⇒(i).
To this end, take (σ, τ) ∈ G2. Since r(σ) = r(στ) it follows that 1Rr(σ) =
1Rr(στ). Thus, from object unitality of R, we get that RσRτ ⊆ Rστ =
1Rr(στ)Rστ = 1Rr(σ)Rστ ⊆ RσRσ−1Rστ ⊆ RσRσ−1στ = RσRτ . 
3. Object crossed products
In this section, we introduce object crossed products (see Definition 12).
We show that these structures can be parametrized by object crossed sys-
tems (see Definition 13 and Proposition 16). We specialize this construction
to the case of separable (but not necessarily finite or normal) field extensions
and prove that the resulting ring is simple (see Proposition 17). After that,
we obtain criteria for when object crossed products are object skew groupoid
rings and object twisted groupoid rings (see Proposition 20 and Proposition
23), thereby generalizing results for group (and groupoid) graded unital rings
to a non-unital situation. Throughout this section, G denotes a groupoid
and R denotes a G-graded ring which is object unital.
Definition 8. We say that a homogeneous element r ∈ Rσ is object invert-
ible if there exists s ∈ Rσ−1 such that rs = 1Rr(σ) and sr = 1Rd(σ) . We will
refer to s as the object inverse of r.
The usage of the term “the object inverse” is justified by the next result.
Proposition 9. Object inverses are unique.
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Proof. Suppose that σ ∈ G, r ∈ Rσ and s, t ∈ Rσ−1 satisfy the equalities
rs = rt = 1Rr(σ) and tr = sr = 1Rd(σ) . Then s = s1Rd(σ−1) = s1Rr(σ) =
srt = 1Rd(σ)t = 1Rc(σ−1)t = t. 
Definition 10. We let Ugr(R) denote the set of all object invertible elements
of R. We define a groupoid structure on Ugr(R) in the following way. Take
r, s ∈ Ugr(R). The groupoid composition of r and s is defined and equal
to rs precisely when d(deg(r)) = c(deg(s)). The groupoid inverse of r is
defined to be the object inverse of r. We put R0 = ⊕e∈G0Re and we consider
R0 a to be G-graded ring in the following sense. If σ ∈ G, then (R0)σ = Rσ,
if σ ∈ G0, and (R0)σ = {0}, otherwise. Then Ugr(R0) equals the direct sum
groupoid ⊎e∈G0U(Re) of the groups {U(Re)}e∈G0 .
To state the next proposition, we need some notions concerning groupoids.
Suppose that H is a groupoid and let f : G → H be a map. The image
and kernel of f are defined by respectively Im(f) = {f(g) | g ∈ G} and
Ker(f) = {g ∈ G | f(g) ∈ H0}. The map f is said to be a groupoid homo-
morphism if for all g, h ∈ G with gh defined, f(g)f(h) is also defined and
f(gh) = f(g)f(h). In that case, f is said to be strong if for all g, h ∈ G
with f(g)f(h) defined, gh is also defined. It is clear that if f is a (strong)
groupoid homomorphism, then Ker(f) (Im(f)) is a subgroupoid of G (H).
Proposition 11. The degree map restricts to a groupoid homomorphism
deg : Ugr(R)→ G
with kernel equal to Ugr(R0)
Proof. This is clear. 
Definition 12. We say that R is an object crossed product if for all σ ∈ G
the relation Ugr(R)∩Rσ 6= ∅ holds. Note that this condition is equivalent to
saying that the groupoid homomorphism deg : Ugr(R)→ G from Proposition
11 is surjective. Note that from Proposition 7(iv) it follows that all object
crossed products are strongly graded.
Definition 13. Suppose that we are given a collection A = (Ae)e∈G0 of non-
zero unital rings Ae and put A0 = ⊕e∈G0Ae. For all e, f ∈ G0 let Isoe,f (A)
denote the set of ring isomorphisms Af → Ae (respecting identity elements).
We let Iso(A) denote the disjoint union
⊎
e,f∈G0
Isoe,f(A) and we define a
groupoid structure on Iso(A) in the following way. Take e, e′, f, f ′ ∈ G0.
The partial composition on Iso(A) is defined to be the usual composition of
functions Isoe,f (A) × Isoe′,f ′(A) → Isoe,f ′(A), when f = e′, and otherwise
undefined. By an object crossed system we mean a quadruple (A,G, α, β)
where α : G → Iso(A) and β : G2 → Ugr(A0) are maps satisfying the
following axioms for all (σ, τ, ρ) ∈ G3 and all a ∈ Ad(τ)
(i) ασ : Ad(σ) → Ar(σ) and αe = idAe for e ∈ G0;
(ii) βσ,τ ∈ U(Ar(σ)) and βσ,d(σ) = βr(σ),σ = 1Ar(σ);
(iii) ασ(ατ (a)) = βσ,ταστ (a)β
−1
σ,τ ;
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(iv) βσ,τβστ,ρ = ασ(βτ,ρ)βσ,τρ.
The map α is called a weak action of G on A and β is called an α-cocycle.
Definition 14. Suppose that (A,G, α, β) is an object crossed system. Let
{uσ}σ∈G be a copy of G. We let A⋊αβ G denote the set of formal sums of the
form
∑
σ∈G aσuσ where aσ ∈ Ar(σ), for σ ∈ G, and aσ = 0, for all but finitely
many σ ∈ G. If ∑σ∈G aσuσ and
∑
σ∈G a
′
σuσ are two such formal sums, then
their sum is defined to be∑
σ∈G
aσuσ +
∑
σ∈G
a′σuσ =
∑
σ∈G
(aσ + a
′
σ)uσ.
The product of two such formal sums is defined to be the additive extension
of the relations
(5) aσuσ · a′τuτ = aσασ(a′τ )βσ,τuστ ,
when (σ, τ) ∈ G2, and
(6) aσuσ · a′τuτ = 0,
otherwise. For all σ ∈ G we put (A ⋊αβ G)σ = Ar(σ)uσ. It is clear from (5)
and (6) that this defines a G-grading on A⋊αβ G.
Remark 15. The construction in Definition 14 has previously appeared
elsewhere. Indeed, in [11] the notion of a Category crossed product was
defined.
The next result generalizes [16, Propositions 1.4.1-1.4.2] from the unital
group graded case to a non-unital groupoid graded situation.
Proposition 16. If (A,G, α, β) is an object crossed system, then A ⋊αβ G
is an object unital groupoid graded ring which is an object crossed product.
Conversely, any object crossed product R can be presented in this way.
Proof. Suppose that (A,G, α, β) is an object crossed system and put R =
A ⋊αβ G. We show that R is an object crossed product. It is clear from
Definition 13(i)(ii) that each Re, for e ∈ G0, is unital with 1Re = 1Aeue
and that for all σ ∈ G and all r ∈ Rσ the equalities 1Rr(σ)r = r1Rd(σ) = r
hold. Next we show that R is associative. To this end, take (σ, τ, ρ) ∈ G3,
a ∈ Ar(σ), b ∈ Ar(τ) = Ad(σ) and c ∈ Ar(ρ) = Ad(τ). Then, from Definition
13(iii,iv), it follows that
auσ(buτ cuρ) = auσ(bατ (c)βτ,ρuτρ)
= aασ(bατ (c)βτ,ρ)βσ,τρuστρ
= aασ(b)ασ(ατ (c))ασ(βτ,ρ)βσ,τρuστρ
= aασ(b)βσ,ταστ (c)β
−1
σ,τβσ,τβστ,ρuστρ
= aασ(b)βσ,ταστ (c)βστ,ρuστρ
= (aασ(b)βσ,τuστ )cuρ
= (auσbuτ )cuρ.
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Now we show that R is a crossed product. Take σ ∈ G. Put r = β−1
σ,σ−1
uσ
and s = 1d(σ)uσ−1 . Then
rs = (β−1
σ,σ−1
uσ)(1d(σ)uσ−1)
= β−1
σ,σ−1
βσ,σ−1ur(σ)
= 1Ar(σ)ur(σ)
and, from Definition 13(iv), it follows that
sr = (1d(σ)uσ−1)(β
−1
σ,σ−1
uσ)
= ασ−1(β
−1
σ,σ−1
)βσ−1,σud(σ)
= β−1
σ−1,σ
βσ−1,σud(σ)
= 1Ad(σ)ud(σ).
Conversely, suppose that R is an object unital ring graded by G which is a
crossed product. For all e ∈ G0 putAe = Re. For all σ ∈ G choose an element
uσ ∈ Rσ ∩ Ugr(R). Since R is object unital we may choose ue = 1Re for
e ∈ G0. Define maps α : G → Iso(A) and β : G2 → Ugr(A0) in the following
way. Take (σ, τ) ∈ G2 and a ∈ Ad(τ). Let vτ−1 denote the object inverse of uτ .
Put ατ (a) = uτavτ−1 and βσ,τ = uσuτv(στ)−1 . These maps are well defined
since deg(uτavτ−1) = ττ
−1 = r(τ), deg(uσuτv(στ)−1) = στ(στ)
−1 = r(σ)
and uσuτv(στ)−1 is invertible in the ring Ar(σ) with multiplicative inverse
given by uστvτ−1vσ−1 . Now we show conditions (i)-(iv) of Definition 13.
Conditions (i) and (ii) hold since ue = ve = 1Re for e ∈ G0. Now we show
condition (iii):
ασ(ατ (a)) = uσuτavτ−1vσ−1
= uσuτv(στ)−1uστav(στ)−1uστvτ−1vσ−1
= βσ,ταστ (a)β
−1
σ,τ .
Next we show condition (iv). To this end, suppose that (σ, τ, ρ) ∈ G3. Then
βσ,τβστ,ρ = uσuτv(στ)−1uστuρv(στρ)−1
= uσuτuρv(τρ)−1vσ−1uσuτρv(στρ)−1
= ασ(βτ,ρ)βσ,τρ.
Now we show that R is isomorphic as a ring to A⋊αβ G. Take rσ ∈ Rσ. Since
R is object unital we get that rσ = rσ1Rd(σ) = rσvσ−1uσ ∈ Ar(σ)uσ. Suppose
that auσ = buσ for some a, b ∈ Ar(σ). Then a = a1Rr(σ) = auσvσ−1 =
buσvσ−1 = b1Rr(σ) = b. This means that uσ spans Rσ freely as a left Ar(σ)-
module. Define γ : R → A ⋊αβ G by the additive extension of the relations
γ(rσ) = (rσvσ−1)uσ, for σ ∈ G and r ∈ Rσ, and define δ : A ⋊αβ G → R
by the additive extension of the relations δ(ar(σ)uσ) = ar(σ)uσ,for σ ∈ G
and a ∈ Rr(σ). It is clear that γ ◦ δ = idA⋊αβG and δ ◦ γ = idR. To finish
the proof we need to show that γ respects multiplication. To this end, take
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(σ, τ) ∈ G2, a ∈ Ar(σ) and b ∈ Ar(τ) = Ad(σ). Then
γ(auσbuτ ) = γ(auσbvσ−1uσuτv(στ)−1)uστ
= γ(aασ(b)βσ,τuστ )
= aασ(b)βσ,τuστ
= (auσ)(buτ )
= γ(auσ)γ(buτ ).

Example 17. Let L/K be a separable field extension of possibly infinite
degree. Let K denote a fixed algebraic closure of K containing L. Choose
a normal closure N/K of L/K in K. Let G denote the Galois group of
N/K and let {Li}i∈I be the different conjugate fields of L under the action
of G. If i, j ∈ I, then put Gij = {g|Lj | g ∈ G and g(Lj) = Li}. If we
put G = ⊎i,j∈I Gij , then G is, in a natural way, a groupoid with respect to
composition. Let L˜ = (Li)i∈I and define α : G → Iso(L˜) by ασ = σ for
σ ∈ Gij . If β : G2 → Ugr(L˜0) is a map satisfying conditions (ii) and (iv)
of Definition 13 (condition (iii) is automatically satisfied), then we say that
L˜ ⋊αβ G is the object crossed product defined by L/K and β and we let it
be denoted by (L/K, β). If L/K is a finite Galois extension, then (L/K, β)
coincides with the classical construction of a crossed product relative the
extension L/K (see e.g. [20, p. 242] or Section 1 of the present article).
Proposition 18. With the above notations, the following assertions hold.
(a) The K-algebra (L/K, β) is simple;
(b) The K-algebra (L/K, β) is unital if and only if I is finite. In that
case, Z((L/K, β)) is a field which is isomorphic to LG;
(c) If I is infinite, then Z((L/K, β)) = {0}.
Proof. (a) Take a non-zero ideal J of (L/K, β). We claim that there exists
j ∈ I such that uidLj ∈ J . If we assume that the claim holds, then it follows
that J = (L/K, β). Indeed, since all the fields {Li}i∈I are conjugated under
the action of G it follows that G is connected. Therefore, for any i ∈ I,
there exists a field isomorphism σi : Lj → Li (induced by the action of G).
Hence, uidLi = β
−1
σi,σ
−1
i
uσiuidLjuσ−1i
∈ J . Thus, all uidLi , for i ∈ I, belong
to J and therefore J = (L/K, β). Now we show the claim. Take a non-zero
element x =
∑n
i=1 aiuσi in (L/K, β), with all ai ∈ Lr(σi) non-zero, all σi, for
i = 1, . . . , n, distinct, such that n is chosen as small as possible subject to the
condition that x ∈ J . Seeking a contradiction, suppose that n > 1. Since
ur(σ1)xud(σ1) also is a non-zero element of J it follows that we may assume
that d(σi) = d(σ1) and r(σi) = r(σ1) for all i = 1, . . . , n. Since σ1 6= σ2
we may choose a ∈ Ld(σ1) with σ1(a) 6= σ2(a). Then x− σ1(a)xaud(σ1) is a
non-zero element of J of shorter length, which is a contradiction. Therefore,
n = 1 and we can write x = auσ for some σ ∈ G and some non-zero a ∈ Ar(σ).
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Then 1Lr(σ)ur(σ) = β
−1
σ,σ−1
a−1x1d(σ)uσ−1 ∈ J and we have shown the claim
made in the beginning of the proof.
(b) Suppose that (L/K, β) is unital and let y be a multiplicative identity
of (L/K, β). Since yuidLi = uidLiy = y for all i ∈ I it is clear that I must
be finite. From Proposition 5 it follows that
∑
i∈I 1LiuidLi is a multiplica-
tive identity of (L/K, β). The statement concerning the center of (L/K, β)
follows from the the same argument used in [9, Section 4].
(c) This follows from the fact that any simple non-unital K-algebra has
center equal to {0} (see e.g. [22, Theorem 2.1]). 
Definition 19. If (A,G, α, β) is a crossed system with β trivial, that is if
for all (σ, τ) ∈ G the relation βσ,τ = 1Ar(σ) holds, then we say that the
corresponding object crossed product A⋊αβ G is an object skew groupoid ring
and we denote it by A⋊α G.
Proposition 20. R is an object skew groupoid ring if and only if the degree
map Ugr(R)→ G is surjective and splits as a homomorphism of groupoids.
Proof. First we show the “only if” statement. Suppose that R is the object
skew groupoid ring A⋊α G. Define a homomorphism of groupoids ϕ : G →
Ugr(R) by saying that ϕ(σ) = uσ, for σ ∈ G. If (σ, τ) ∈ G2, then
ϕ(στ) = uστ = uσuτ = ϕ(σ)ϕ(τ).
Clearly, deg ◦ ϕ = idG . Now we show the “if” statement. Suppose that
we are given a homomorphism of groupoids ϕ : G → Ugr(R) such that
deg◦ϕ = idG . For all σ ∈ G let uσ denote the object invertible element ϕ(σ).
Since groupoid homomorphisms preserve domain and range it is clear that
ϕ(e) = 1Re for e ∈ G0. Define maps α : G → Iso(A) and β : G2 → Ugr(A0)
using the elements {uσ}σ∈G as in the proof of Proposition 16. Take (σ, τ) ∈
G2. Let vτ−1 denote the object inverse of uτ . Then βσ,τ = uσuτv(στ)−1 =
ϕ(σ)ϕ(τ)ϕ((στ)−1) = ϕ(r(στ)) = ϕ(r(σ)) = 1Rr(σ). 
Remark 21. Various properties of object skew groupoid rings have been
studied in [13] and [18] in the context of partially defined groupoid dynamical
systems on topological spaces.
Definition 22. If (A,G, α, β) is a crossed system with α trivial, that is if all
the rings Ae, for e ∈ G0, coincide with the same ring B, and for all σ ∈ G, the
map ασ : B → B is the identity, then we say that the corresponding object
crossed product A⋊αβ G is an object twisted groupoid ring and we denote it
by B ⋊β G. In that case, βσ,τ ∈ U(Z(B)), for (σ, τ) ∈ G2 (this follows from
Definition 13(iii)).
Proposition 23. R is an object twisted groupoid ring if and only if the
following conditions hold:
(i) all the rings Re, for e ∈ G0, are copies of the same ring B (the copy
of an element b ∈ B in Re is denoted by be);
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(ii) for all σ ∈ G there is an object invertible element uσ ∈ Rσ with the
property that for all b ∈ B the equality br(σ)uσ = uσbd(σ) holds.
Proof. The “only if” statement is clear. Now we show the “if” statement.
Take σ ∈ G and an object invertible element uσ ∈ Rσ satisfying (ii). Let vσ−1
denote the object inverse of uσ. Take b
d(σ) ∈ Rd(σ), for some b ∈ B. Using
the notation from Proposition 16 we get that ασ(b
d(σ)) = uσb
d(σ)vσ−1 =
br(σ)uσvσ−1 = b
r(σ) and βσ,τ = uσuτv(στ)−1 ∈ U(Rr(σ)). 
Remark 24. If (A,G, α, β) is a crossed system with α and β trivial, that
is if all (σ, τ) ∈ G the relation βσ,τ = 1Rr(σ) holds, and all the rings Ae,
for e ∈ G0, coincide with the same ring B, and for all σ ∈ G, the map
ασ : B → B is the identity, then the corresponding object crossed product
A ⋊αβ G coincides with the groupoid ring of G over B (see e.g. [8, Example
2.1.2]) and it is denoted by B[G].
Proposition 25. R is a groupoid ring if and only if the following hold:
(i) the degree map Ugr(R) → G is surjective and splits as a homomor-
phism of groupoids.
(ii) all the rings Re, for e ∈ G0, are copies of the same ring B (the copy
of an element b ∈ B in Re is denoted by be);
(iii) for all σ ∈ G there is an object invertible element uσ ∈ Rσ with the
property that for all b ∈ B the equality br(σ)uσ = uσbd(σ) holds.
Proof. This follows from Proposition 20 and Proposition 23. 
4. Separability
In this section, we determine a criteria for separability for extensions of
rings with enough idempotents (see Proposition 26). After that, we use
this result (and a series of propositions) to obtain a non-unital separability
result (see Proposition 40) for object unital groupoid graded rings. We
specialize this result to object crossed products, and then, in turn, to object
skew group rings, object twisted group rings and groupoid rings, and, in
particular, infinite matrix rings (see Proposition 41, Proposition 42 and
Proposition 43).
Rings with enough idempotents. Let A/B be a ring extension. By this
we mean that A and B are rings (not necessarily unital) with A ⊇ B. The
ring A is considered a B-bimodule in the natural sense. We let µ : A⊗BA→
A denote multiplication map in A defined by the relations µ(a⊗ a′) = aa′,
for a, a′ ∈ A. Following [3, p. 75] we say that A/B is separable if µ has
an A-bimodule section δ : A → A ⊗B A. Note that if A and B are unital
with 1A = 1B , then separability of A/B is equivalent to the existence of an
element x ∈ A ⊗B A satisfying µ(x) = 1A and xa = ax for all a ∈ A (see
e.g. [15] or [5, Proposition 2.11]).
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Proposition 26. If A/B is an extension of rings with enough idempotents
such that {ei}i∈I ⊆ B is a complete set of idempotents for both A and B,
then A/B is separable if and only if for all i ∈ I there exists an element
xi ∈
∑
j∈I eiAej ⊗B ejAei such that
(i) for all i ∈ I, the equality µ(xi) = ei holds, and
(ii) for all i, j ∈ I and all a ∈ eiAej , the relation xia = axj holds.
Proof. First we show the “if” statement. Suppose that for all i ∈ I there
exists an element xi ∈
∑
j∈I eiAej ⊗B ejAei such that µ(xi) = ei, and
for all i, j ∈ I and all a ∈ eiAej the relation xia = axi holds. Define
δ : A → A ⊗B A in the following way. Take a ∈ A. Since {ei}i∈I is a
complete set of idempotents for A we get that for all but finitely many
i ∈ I, aei = 0, and a =
∑
i∈I aei. Now put δ(a) =
∑
i∈I axi. Then, clearly,
δ is left A-linear. Also µ(δ(a)) =
∑
i∈I µ(axi) =
∑
i∈I aei = a. What is
left to show is that δ is right A-linear. Take b ∈ A. Again, since {ei}i∈I is
a complete set of idempotents for A we get that for all but finitely many
i, j ∈ I, bei = ejb = 0, and b =
∑
i∈I bei =
∑
j∈I ejb. Thus δ(ab) =∑
i∈I abxi =
∑
i,j∈I aejbeixi =
∑
i,j∈I axjejbei =
∑
j∈I axjb = δ(a)b.
Now we show the “only if” statement. Suppose that µ has an A-bimodule
section δ : A → A ⊗B A. For all i ∈ I put xi = δ(ei). Then µ(xi) =
(µ ◦ δ)(ei) = ei. If i, j ∈ I and a ∈ eiAej , then xia = δ(ei)a = δ(eia) =
δ(eiaej) = δ(aej) = aδ(ej) = axj . 
Strongly graded rings. From now on, let G be a groupoid and suppose
that R is an object unital strongly G-graded ring.
Definition 27. Take σ ∈ G. From the relation 1Rr(σ) ∈ RσRσ−1 it follows
that there is nσ ∈ N, and u(i)σ ∈ Rσ and v(i)σ−1 ∈ Rσ−1 , for i ∈ {1, . . . , nσ},
such that
1Rr(σ) =
nσ∑
i=1
u(i)σ v
(i)
σ−1
.
Unless otherwise stated, the elements u
(i)
σ and v
(i)
σ−1
are fixed. We also assume
that if e ∈ G0, then ne = 1 and that u(1)e = v(1)e = 1Re . Define the additive
map γσ : R→ R by
γσ(r) =
nσ∑
i=1
u(i)σ rv
(i)
σ−1
,
for r ∈ R.
Proposition 28. Take σ ∈ G. The additive map γσ : R→ R restricts to an
additive map R0 → Rr(σ). This map, in turn, restricts to an additive map
Rd(σ) → Rr(σ).
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Proof. Take r ∈ R0. Then, since u(i)σ re = 0, for e ∈ G0 \ {d(σ)}, we get that
γσ(r) =
nσ∑
i=1
u(i)σ rv
(i)
σ−1
=
nσ∑
i=1
∑
e∈G0
u(i)σ rev
(i)
σ−1
=
nσ∑
i=1
u(i)σ rd(σ)v
(i)
σ−1
= γσ(rd(σ)).
Since u
(i)
σ rd(σ)v
(i)
σ−1
∈ RσRd(σ)Rσ−1 ⊆ Rr(σ) the claim follows. 
Remark 29. It is clear that Z(R0) = ⊕e∈G0Z(Re).
Proposition 30. If σ ∈ G and r ∈ Z(R0), then the definition of γσ(r) does
not depend on the choice of the elements u
(i)
σ and v
(i)
σ−1
.
Proof. Take mσ ∈ N, s(j)σ ∈ Rσ and t(j)σ−1 ∈ Rσ−1 , for j ∈ {1, . . . ,mσ}, such
that
∑mσ
j=1 s
(j)
σ t
(j)
σ−1
= 1Rr(σ) . Then
γσ(r) =
nσ∑
i=1
u(i)σ rv
(i)
σ−1
=
nσ∑
i=1
1Rr(σ)u
(i)
σ rv
(i)
σ−1
=
nσ∑
i=1
mσ∑
j=1
s(j)σ t
(j)
σ−1
u(i)σ rv
(i)
σ−1
.
Since t
(j)
σ−1
u
(i)
σ ∈ R0 and r ∈ Z(R0), the last sum equals
nσ∑
i=1
mσ∑
j=1
s(j)σ rt
(j)
σ−1
u(i)σ v
(i)
σ−1
=
mσ∑
j=1
s(j)σ rt
(j)
σ−1
1Rr(σ) =
mσ∑
j=1
s(j)σ rt
(j)
σ−1
.

Proposition 31. If σ, τ ∈ G and r ∈ Z(R0), then
(a) if (σ, τ) /∈ G2, then γσ(γτ (r)) = 0, and
(b) if (σ, τ) ∈ G2, then γσ(γτ (r)) = γστ (rd(τ))1Rr(σ).
Proof. Take σ, τ ∈ G and r ∈ Z(R0). From the definitions of γσ and γτ , it
follows that
γσ(γτ (r)) =
nτ∑
i=1
γτ (u
(i)
τ rv
(i)
τ−1
) =
nτ∑
i=1
nσ∑
j=1
u(j)σ u
(i)
τ rv
(i)
τ−1
v
(j)
σ−1
.
If (σ, τ) /∈ G2, then u(j)σ u(i)τ = so that γσ(γτ (r)) = 0. Now suppose that
(σ, τ) ∈ G2. Since u(j)σ u(i)τ ∈ Rστ , the last sum equals
nτ∑
i=1
nσ∑
j=1
1Rr(στ)u
(j)
σ u
(i)
τ rv
(i)
τ−1
v
(j)
σ−1
=
nσ∑
i=1
nσ∑
j=1
nστ∑
k=1
u(k)στ v
(k)
τ−1σ−1
u(j)σ u
(i)
τ rv
(i)
τ−1
v
(j)
σ−1
.
Since r ∈ Z(R0) and v(k)τ−1σ−1u
(j)
σ u
(i)
τ ∈ R0, the last sum equals
nτ∑
i=1
nσ∑
j=1
nστ∑
k=1
u(k)στ rv
(k)
τ−1σ−1
u(j)σ u
(i)
τ v
(i)
τ−1
v
(j)
σ−1
=
nσ∑
j=1
nστ∑
k=1
u(k)στ rv
(k)
τ−1σ−1
u(j)σ 1Rr(τ)v
(j)
τ−1
.
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Since d(σ) = r(τ), we get that the last sum equals
nσ∑
j=1
nστ∑
k=1
u(k)στ rv
(k)
τ−1σ−1
u(j)σ v
(j)
σ−1
=
nστ∑
k=1
u(k)στ rv
(k)
τ−1σ−1
1Rr(σ) = γστ (r)1Rr(σ) .

Proposition 32. Take σ ∈ G. The additive map γσ : R → R restricts to
a surjective ring homomorphism Z(R0) → Z(Rr(σ)). This map, in turn,
restricts to a ring isomorphism Z(Rd(σ))→ Z(Rr(σ)) such that if (σ, τ) ∈ G2
and r ∈ Rd(τ), then γσ(γτ (r)) = γστ (r).
Proof. From Proposition 28 it follows that γσ(Z(R0)) ⊆ Rr(σ). Using Re-
mark 29, we only need to show that γσ(Z(R0)) ⊆ Z(R0). To this end, take
r ∈ Z(R0) and r′ ∈ R0. Then, since v(i)σ−1r′ ∈ Rσ−1 , we get that
γσ(r)r
′ =
nσ∑
i=1
u(i)σ rv
(i)
σ−1
r′ =
nσ∑
i=1
u(i)σ rv
(i)
σ−1
r′1Rr(σ) =
nσ∑
i=1
nσ∑
j=1
u(i)σ rv
(i)
σ−1
r′u(j)σ v
(j)
σ−1
.
Since r ∈ Z(R0), v(i)σ−1r′u
(j)
σ ∈ R0 and r′u(j)σ ∈ Rσ, the last sum equals
nσ∑
i=1
nσ∑
j=1
u(i)σ v
(i)
σ−1
r′u(j)σ rv
(j)
σ−1
=
nσ∑
j=1
1Rr(σ)r
′u(j)σ rv
(j)
σ−1
=
nσ∑
j=1
r′u(j)σ rv
(j)
σ−1
= r′γσ(r).
This shows that γσ(r) ∈ Z(R0). Now we show that the restriction of γσ to
Z(R0) respects multiplication. Take r, r
′ ∈ Z(R0). Then
γσ(rr
′) =
nσ∑
i=1
u(i)σ rr
′v
(i)
σ−1
=
nσ∑
i=1
1Rr(σ)u
(i)
σ rr
′v
(i)
σ−1
=
nσ∑
i=1
nσ∑
j=1
u(j)σ v
(j)
σ−1
u(i)σ rr
′v
(i)
σ−1
.
Since r ∈ Z(R0) and v(j)σ−1u
(i)
σ ∈ R0, the last sum equals
nσ∑
i=1
nσ∑
j=1
u(j)σ rv
(j)
σ−1
u(i)σ r
′v
(i)
σ−1
=
nσ∑
j=1
u(j)σ rv
(j)
σ−1
nσ∑
i=1
u(i)σ r
′v
(i)
σ−1
= γσ(r)γσ(r
′).
Next, we show that the restriction Z(R0) → Z(Rr(σ)) is surjective. Take
r ∈ Z(Rr(σ)). From Proposition 31, we get that
γσ(γσ−1(rr(σ))) = γr(σ)(rr(σ))1Rr(σ) = rr(σ)1Rr(σ) = rr(σ).
We also need show that the restriction Z(Rd(σ)) → Z(Rr(σ)) is injective.
Suppose that r ∈ Z(Rd(σ)) is chosen so that γσ(r) = 0. From Proposition
31, we get that r = γd(σ)(r) = γσ−1(γσ(r)) = 0. Finally, we show that each
γσ respects multiplicative identities
γσ(1Rd(σ)) =
nσ∑
i=1
u(i)σ 1Rd(σ)v
(i)
σ−1
=
nσ∑
i=1
u(i)σ v
(i)
σ−1
= 1Rc(σ) .
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
Remark 33. Let Dσ = Z(Rr(σ)). Then it follows from Proposition 32 that
the family {γσ : Dσ−1 → Dσ}σ∈G is a global action of G on Z(R0), (see [2,
p. 3660]).
Proposition 34. If σ ∈ G, r ∈ Rσ and x ∈ Z(Rd(σ)), then rx = γσ(x)r.
Proof. Since x ∈ Z(Rd(σ)) and v(i)σ−1r ∈ Rd(σ), we get that
rx = 1Rr(σ)rx =
nσ∑
i=1
u(i)σ v
(i)
σ−1
rx =
nσ∑
i=1
u(i)σ xv
(i)
σ−1
r = γσ(x)r.

Proposition 35. Take σ ∈ G, s ∈ Z(Rd(σ)) and t ∈ Z(Rc(σ)). If for all
r ∈ Rσ, the equality tr = rs holds, then t = γσ(s).
Proof. This follows from
t = t1Rr(σ) =
nσ∑
i=1
tu(i)σ v
(i)
σ−1
=
nσ∑
i=1
u(i)σ sv
(i)
σ−1
= γσ(s).

Definition 36. If e ∈ G0 and G(e) is finite, then we define the trace function
at e, tre : Z(R0) → Z(R0), by tre(r) =
∑
σ∈G(e) γσ(r) for r ∈ Z(R0). Note
that if G is a finite group with identity element e, then tre coincides with
the usual trace Z(Re)→ Z(Re) from the group graded case (see [15]).
Definition 37. For all σ ∈ G we put wσ =
∑nσ
i=1 u
(i)
σ ⊗ v(i)σ−1 ∈ Rσ⊗R0 Rσ−1 .
Proposition 38. If (σ, τ) ∈ G2 and r ∈ Rσ, then rwτ = wστ r.
Proof. Since ru
(i)
τ ∈ Rστ , we get that
rwτ =
nτ∑
i=1
ru(i)τ ⊗ v(i)τ−1 =
nτ∑
i=1
1Rr(στ)ru
(i)
τ ⊗ v(i)τ−1
=
nτ∑
i=1
nστ∑
j=1
u(j)στ v
(j)
(στ)−1
ru(i)τ ⊗ v(i)τ−1 =
nτ∑
i=1
nστ∑
j=1
u(j)στ ⊗ v(j)(στ)−1ru(i)τ v
(i)
τ−1
=
nστ∑
j=1
u(j)στ ⊗ v(j)(στ)−1r1Rr(τ) = wστ r.

Definition 39. Define an equivalence relation ∼ on G0 by saying that e ∼ f ,
for e, f ∈ G0, if there exists σ ∈ G with d(σ) = e and r(σ) = f . For all e ∈ G0,
let [e] = {f ∈ G0 | f ∼ e} denote the equivalence class to which e belongs.
Let Ω denote a set of representatives for the different equivalence classes
in G0 defined by ∼. If e, f ∈ G0, then we put G(e, f) = {σ ∈ G | d(σ) =
e and r(σ) = f}. Note that G(e, e) coincides with G(e) defined earlier.
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The following result generalizes [15, Proposition 2.1] (and [9, Proposi-
tion 4]) from the unital group (and groupoid) graded case to a non-unital
situation.
Proposition 40 (Theorem 1). The following are equivalent:
(i) the ring extension R/R0 is separable;
(ii) for all finite subsets E of G0, the extension RG(E)/RE is separable;
(iii) for all e ∈ G0, the ring extension RG(e)/Re is separable;
(iv) for all e ∈ G0, the group G(e) is finite and 1Re ∈ tre(Z(Re)).
Proof. (i)⇒(iv): Take e ∈ G0. From Proposition 26, it follows that there
exists ye ∈ R ⊗R0 R such that µ(ye) = 1Re and for all f ∈ G0 and all
a ∈ 1ReR1Rf , the equality yea = ayf holds. Then there exists me, kσ ∈ N
such that
ye =
me∑
i=1
∑
σ∈G(fi,e)
z(i)σ
where
z(i)σ :=
kσ∑
j=1
a(j)σ ⊗ b(j)σ−1 = 0
for all but finitely many σ ∈ G(fi, e). For all i ∈ {1, . . . ,me} and all σ ∈
G(fi, e) put c(i)σ = µ(z(i)σ ). Take r ∈ Re. Then, from the equality yer = rye
it follows that z
(i)
σ r = rz
(i)
σ , for all i and all σ. Thus
c(i)σ r = µ(z
(i)
σ )r = µ(z
(i)
σ r) = µ(rz
(i)
σ ) = rµ(z
(i)
σ ) = rc
(i)
σ .
Hence c
(i)
σ ∈ Z(Re). Take τ ∈ G(e) and rτ ∈ Rτ . The equality yerτ = rτye
implies that z
(i)
τσrτ = rτz
(i)
σ from which it follows that c
(i)
τσrτ = rτc
(i)
σ . From
Proposition 35 we get that γτ (c
(i)
σ ) = c
(i)
τσ. Since 1Re 6= 0, at least one the
c
(i)
σ must be non-zero. Thus G(e) is finite. Now, for all i ∈ {1, . . . ,me} take
σi ∈ G(fi, e). Put de =
∑me
i=1 c
(i)
σi . Then, de ∈ Z(R0) and
tre (de) =
me∑
i=1
tr(c(i)σi ) =
me∑
i=1
∑
τ∈G(e,e)
γτ (c
(i)
σi
) =
me∑
i=1
∑
τ∈G(e,e)
c(i)τσi
=
me∑
i=1
∑
σ∈G(fi,e)
c(i)σ =
me∑
i=1
∑
σ∈G(fi,e)
µ(z(i)σ ) = µ(ye) = 1Re .
(iv)⇒(i): For all ω ∈ Ω take rω ∈ Rω such that trω(rω) = 1Rω . For
all e ∈ [ω] put xe =
∑
σ∈G(ω,e) γσ(rω)wσ. First we show condition (i) from
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Proposition 26. Fix τ ∈ G(ω, e). Then
µ(xe) =
∑
σ∈G(ω,e)
γσ(rω)µ(wσ) =
∑
σ∈G(ω,e)
γσ(rω)1Re
=
∑
σ∈G(ω,e)
γσ(rω) =
∑
σ∈G(ω,e)
γτ (γτ−1σ(rω))
= γτ

 ∑
σ∈G(ω,e)
γτ−1σ(rω)

 = γτ

 ∑
ρ∈G(ω,ω)
γρ(rω)


= γτ (trω(rω)) = γτ (1Rω ) = 1Re .
Next we show condition (ii) from Proposition 26. To this end, take e, f ∈ G0
and s ∈ 1ReR1Rf . We wish to show the equality xes = sxf . Case 1: e ≁ f .
Then 1ReR1Rf = {0} so the equality trivially holds. Case 2: e ∼ f . Take
ω ∈ Ω with e, f ∈ [ω]. It is enough to show the equality xes = sxf for
s ∈ Rρ for all ρ ∈ G(e, f). For such an element s we get, from Proposition
38, that
sxe =
∑
σ∈G(ω,e)
sγσ(rω)wσ =
∑
σ∈G(ω,e)
γσρ(rω)swσ
=
∑
σ∈G(ω,e)
γσρ(rω)wρσs =
∑
τ∈G(ω,f)
γτ (rω)wτs = xfs.
From Proposition 26 it follows that R/R0 is separable.
(ii)⇔(iv) and (iii)⇔(iv): Since G(E) is a groupoid of and G(e) is a group
both of these equivalences follow from the equivalence (i)⇔(iv). 
Crossed products. Suppose from now on that R = A ⋊αβ G is an object
crossed product defined by a crossed system (A,G, α, β). From Definition
36, it follows that if e ∈ G0 and G(e) is finite, then the trace function at e is
given by tre(a) =
∑
σ∈G(e) ασ(a) for a ∈ Z(Ae).
Proposition 41 (Theorem 2). The ring extension R/R0 is separable, if and
only if, for all e ∈ G0, the group G(e) is finite and there exists a ∈ Ae such
that
∑
σ∈G(e) ασ(a) = 1Ae .
Proof. This follows from Proposition 40. 
For a finite set X, we let |X| denote the cardinality of X.
Proposition 42. If R = B ⋊β G is an object twisted groupoid ring, then
R/R0 is separable, if and only if, for all e ∈ G0, the group G(e) is finite and
|G(e)| ∈ U(B).
Proof. This follows from Proposition 41. 
Let I denote a set. Define a groupoid structure on G = I × I in the
following way. If (i, j) ∈ G, then put (i, j)−1 = (j, i). If (i, j), (k, l) ∈ G,
then (i, j)(k, l) is defined precisely when j = k and is in that case equal
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to (i, l). Let B be a unital ring. The corresponding groupoid ring B[G]
of G over B is the ring of finite matrices over the index set I. Note that
B[G]0 = BG0
Proposition 43. If G = I × I, then B[G]/BG0 is separable.
Proof. This follows from Propostion 42, since for all i ∈ I we have that
|G(i, i)| = 1 which, of course, is invertible in B. 
Proposition 44 (Theorem 3). Suppose that L/K is a separable (not neces-
sarily finite) field extension. Then the object crossed product R = (L/K, β)
is separable over R0, if and only if, AutK(L) is finite. In particular, if L/K
is Galois, then R is separable over R0 = L, if and only if, L/K is finite.
Proof. The “only if” statement follows from Proposition 40. Now we show
the “if” statement. Put H = AutK(L) and suppose that H is finite. Since
L/K is separable it follows that L/LH also is separable. Thus the trace
map L → LH is surjective (see e.g. [20, Theorem (4.6)]) and hence, from
Proposition 40 again, it follows that R/R0 is separable. The “Galois” part
of the proof is immediate. 
Example 45. It is easy to construct non-Galois separable field extensions
L/K of infinite degree such that AutK(L) is a finite set. In fact, such an
extension can be chosen so that AutK(L) is the trivial group (and hence
finite). For instance, put K = Q and L = Q( 3
√
p1, 3
√
p2, 3
√
p3, . . .), where
p1 = 2, p2 = 3, p3 = 5, . . . denote the prime numbers. Then L/K is of
infinite degree and separable (since char(K) = 0). It is easy to check that
AutK(L) = {idL}. Since L is a real field none of the polynomials {X3−pi}∞i=1
split in L. Thus, L/K is not normal and thus non-Galois.
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